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Introduction

WO rigid systems are said to be equimomental if their

dynamic behaviors are identical. More specifically, equi-
momental dynamic systems possess the same total mass, loca-
tion of center of mass, principal directions, and mass moments
of inertia. For a three-dimensional rigid body, it is necessary to
have at least four particles to represent its dynamic behavior.
However, for a two-dimensional rigid body only three parti-
cles are needed in the equimomental system.

The study of the equimomental system is not new. Routh
investigated the problem of equimomental system of particles
nearly a century ago.! He concluded that the equimomental
particles must lie on the surface of an equimomental ellipsoid
which is centered at the center of mass of the rigid body. Routh
pointed out that the equimomental system formed a tetrahe-
dron with four equal particles. Each particle has a mass equal
to one-fourth of the total mass and is placed at the vertex of
the tetrahedron. If the equimomental ellipsoid is mapped onto
a sphere by changing scales in the directions of coordinate
axes, then the tetrahedron would be mapped onto a regular
tetrahedron inscribed in the sphere. As the result of spherical
symmetry, the orientation of the image tetrahedron remains
arbitrary. Thus, the location of equimomental particles is not
unique. The number of degrees of freedom is three in the
three-dimensional problem and is one in the two-dimensional
problem. Routh gave some examples of determination of the
position of a particular set of equimomental particles through
some simple mathematical manipulations. However, no proce-
dure is presented for locating the general position of equimo-
mental particles. Other particular solutions of equimomental
systems are also given by Whittaker? and Greenwood.?

This Note presents a general procedure for locating the
equimomental particles. Our solution will be expressed in
terms of orientation parameters corresponding to the degree of
freedom of the problem.

Formulation of the Three-Dimensional Problem

Let us consider a three-dimensional rigid body of total mass
m and principal mass moments of inertia I, I,, and I,. We set
the origin at the center of mass of the body and the x, y, and
z axes in the principal directions. Our objective is to locate
four particles P, Q, R, and S of mass m/4 at (x;, y;, z;) for
i=1,2,3, 4 such that the four mass system and a given rigid
body are equimomental. Here we have
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where
a*=3/Cm)(— 1, +1,+1) @)
b2 =3/Cm)U,—1,+1,) )
c2=3/Cm)I,+1,-1) 6)

Equations (1-3) include nine equations for 12 unknowns x;, y;,
and z; (i =1, ...,4). Hence the degree of freedom is equal to 3.
Assume that the position of the particle P is known to be
(x1, 1, z1). We may define
X;i=Xx; + x1/3,

Yi=yi+y1/3, Zi=zitzi/3 ()

for i =2, 3, 4, such that Egs. (1-3) are reduced to
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It is seen that the quantities %2, ¥2, z2, xy, ¥z, and Zx are
components of a Cartesian tensor of order two. Hence the
right-hand sides of Eqgs. (9) and (10) are components of a
second-order tensor in the (x, ¥, Z) system. The right-hand side
of Eq. (8) is invariant under transformation of coordinates.
Equations (8-10) represent an equimomental system of three
particles. Note that the system of three particles can only rep-
resent a two-dimensional equimomental system. In other
words, if we try to formulate the problem in the three-dimen-
sional space, then one of the eigenvalues of the inertia matrix
would be zero. This implies that the determinant of the inertia
matrix must vanish. Hence
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Equation (11) leads to the following condition for x;, yi,
and z;:

Xl Y1 zl
22 + ﬁ + — =1 (12)

Thus the particle P must lie on the equimomental ellipsoid as
defined by Eq. (12). Since P is arbitrarily chosen, we conclude
that all four particles P, Q, R, and S must lie on the equimo-
mental ellipsoid of semi-axes a, b, and ¢

2
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The equimomental ellipsoid was first found by Routh.! It
can be shown that the normal to the equimomental ellipsoid at
any particle P is perpendicular to the plane containing particles
0O, R, and S. Furthermore, the right position of particles P, Q,
R, and S will make the volume of the tetrahedron with P, Q,
R, and S at its vertices the largest. It is equal to (8/27)V3 abc.
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Computational Procedures

Let us define a new coordinate system x’, y’, and z’ such
that

x=ax’', y=by', z=cz’ (14)
In the (x’, ¥/, z’) system, the equimomental ellipsoid becomes
a unit sphere

x24ylezi2=1 (15)

The image points P’, Q’, R’, and S’of particles lie on the
surface of the unit sphere. Due to spherical symmetry, these
image points are interchangeable in the (x’, y’, z*) system and
the image equimomental system forms a regular tetrahedron
whose orientation is arbitrary. Let the image point P’ be at
(xp,yp,zp)in the (x', y’, z’) system. We shall find the posi-
tions of the remaining image points. Note that Eq. (15) can be
viewed as a constraint condition. To specify the position of P,
only two degrees of freedom are required.

Let us rotate the coordinate axes about the origin. The
new coordinate axes are x”, y”, and z”axes. The rotation is
made in such a manner that the z” axis passes through
the image point P’. Hence the position of P’ in the (x”, y”,
z ") system is

0
Xz=1|0 (16)
1

Using the property of a regular tetrahedron, it is easy to find
the position of the image points of particles Q, R, and Sin the
(x", " 2") system to be
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where w is an arbitrary angle of rotation about the z 7 axis. It
can be identified as the third degree of freedom.

The coordinates X’ and X ” for any particle are related by
the transformation relation

X' =CX" (20)

where C is an orthogonal transformation matrix whose ele-
ments can be expressed in terms of Euler angles of rotation, ¢,
§, and ¥ from the x’, ¥’, 2" axestothex”, y”, 2” axes. There
are different versions in the definition of Euler angles in dy-
namics. In this study, our rotations of coordinate axes follow
the order of z, x, z axes, i.e., the third Euler angle ¥ is the
angle of rotation about the z ” axis. Since in Eqgs. (17-19) the
angle of rotation w about the z” axis is arbitrary, we may set
¥ =0 and obtain

cos¢ —cosfsing sinfsing
C=|sin¢g cosfcos¢ —sinbcos ¢ @n
0 sin ¢ cos f
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We may use ¢, 8, and w as our orientation parameters. How-
ever, if we use xp, ¥p, and w as the parameters of degree of
freedom, we must apply Eq. (20) to the image point P’ and
find

Xp
yhl=clo (22)
Zp
which leads to the following equations:
sinfsin¢g=xp, —sinfcos¢p=yp, cosbh=2zp (23)

Thus we can express ¢ and 6 in terms of x4, y5, and zp as
¢=tan‘<—}lj>, 6 =cos™ !z} 24)
Xp, .

The transformation matrix can then be expressed in terms of
Xp, ¥p, and zp as

yb xpzp
_rr xp
D D
Xp YpZp
c=| =% - ; 25
D D Yp (25)
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where D = (xp?+y42)". After C is determined, X’ and X”
for each particle can be calculated by Eqgs. (16-24) and X for
each particle can be determined by Eq. (14).

Example

In this example, we use (xp, ¥p, @) as orientation parame-
ters. We set xp=a, yp=0, and w= w/2. It is found from
Eq. (13) that zp =0 and

a |
Xp = 0
0

By Eqgs. (14) and (25), we obtain
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By Eqgs. (18-21) and Eq. (15), it is found that

-4 - 14 — 14
Xo=| -V |, xi=| 0 |, X¢=| V%
—v2/3 (%)V2 —v2/3
and
- Yia - Ya —Via
XQ = “‘\/z—/;b 3 XR = 0 N XS = \/%b
—v2/3c (%)V2c -V2/3¢

which agree with the results given by Greenwood.?

Conclusion

This Note provides a method for determination of location
of each particle in an equimomental equal particle system of a
given rigid body. Since the equimomental system has the same
location of center of mass and the same principal moments of
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inertia, it posesses the same dynamic properties as the original
rigid body. Routh* studied the mutual gravitational potential
between two rigid bodies and obtained the first approximate
expression for the gravitational potential for the case in which
the distance between centers of mass of bodies is much larger
than the size of each body. Only moments of inertia of each
body are involved in the correction term of the gravitational
potential. Thus, we conclude that the equimomental systems
also have the same gravitational potential as the original rigid
bodies up to the first approximation.

Technical Comments
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Comment on ‘‘Generalized Technique
for Inverse Simulation Applied to
Aircraft Maneuvers”’

Kuo-Chi Lin*
University of Central Florida, Orlando, Florida 32826

Introduction

ESS et al.! introduced a new method for inverse simula-

tion in their paper entitled ‘‘Generalized Technique for
Inverse Simulation Applied to Aircraft Maneuvers’’; this
method is called the integration inverse method. The method
assumes that the input is constant in the discretization interval
T. The algorithm starts with an initial guess of the input. A
forward simulation over T follows. The variables at the end of
the interval are then compared with the desired trajectory.
Newton’s method is then used to correct the initial guess of the
input based on the Jacobian and the errors. The iterative
procedure processes until the input converges. The input time
history resulting from this method will be a step function in
every interval 7.

Analysis
Consider the linear vehicle model:
X =Ax + Bu )
y(t)=Cx(¢) @)

Let nx be the number of states, nu the number of inputs,
and ny the number of outputs. The authors of the paper!
claimed that the method is independent of the values of nx,
nu, and ny, provided ny < nu. As the following example will
show, in the situation where nx > nu and nx > ny, the method
may be unstable for small 7.

Consider the second-order linear system:

R(t) + 200, %(t) + w2x(t) = u(t) 3)

Assume that x(¢) is specified by the desired trajectory x,(¢),
and x(¢) is not specified. This represents a case that nx = 2 and
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ny = nu = 1. If the input u(¢) =14 = const over the period
ty<t <ty+ T, the solution of Eq. (3) is

x(t) = xge ~ U~ 0 icos[wd(t — )] + f— sinfwa(t — to)]}
d

X )
+ e o= gin[wy(t — ty)]
Wq

~

+ %(1 —e- -0 {cos[wd(t — 1)l - wl sin [wa(t — to)]}>
d

@

where ¢ = {w,,, wg = w,N 1 — &, xo = x(ty), and Xy = X(fy). The
input in the interval £y < ¢ < f; + T can be solved as

it = w? {x1 — xpe ~ “T[cos(wyT) + (6/wg)sin(w,T)]
— (kp/wgde ~ T sin(w T3/ {1 — e ~T[cos(w,T)
— (0/wg)sin(w 7)1} &)

where x; = x(¢tp + T). If there are errors in the variables, the
error of the input is
. od i oa
Al = — Ax; + — Axy + — A (6)
0x; 3xp dxp

For the case that 7 <1, the partial derivatives are 91/
x, = 2/T?, 8ii/0xy = — 2/T?, and 344 /9xy~ — 2/T.

In the ideal case, x; = x4(fo + 7). However, because there
are always some errors in the Newton’s iteration and in the
forward simulation, the term Ax; exists. Axy = 01if x(#y) is reset
to x4(f,) before the iteration procedure starts. The term
Axy # 0 since the state variable X(¢) is not specified. In sum-
mary, the error Ax; in each step is amplified by a factor 2/ 7?2
then carried over to the next step through the variable x(7).
The variable x(¢) will drift away from the true value as time
progresses. For very small 7T, the error grows quickly.

Example
The solution of the differential equation

#(t) + x(t) + x(£) = sin 2¢ 0
with initial conditions x(0) = 0 and x(0) = 0 is
x(t) = 1/13 {e - %52 cos +/0.75¢ + (7/~/0.75)sin /0.75¢]
— 2 cos 2t — 3 sin 2¢} ®)

The inverse simulation is formulated as follows: use Eq. (8) as
the desired trajectory and find the input function.



